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POSITIVE INTEGER POWERS OF SYMMETRIC
(0, 1)-HEPTADIAGONAL MATRIX
MURAT GUBES AND DURMUS BOZKURT
Abstract. In this paper, we derive a general expression for mth powers of symmetric
(0, 1)-heptadiagonal matrices with n = 3k order, n ∈ N (k = 1, 2, 3, ..., n/3).
1. Introduction
Let us define the n-by-n symmetric (0, 1)-heptadiagonal matrix H = (hij) as below:
(1.1) H =
{
1, for |i− j| = 3
0, other
.
In literature, there are a lot of papers about matrix powers, determinants and inverses
(see [2-5], [7-8], [10] and [12-13]). Here, we get a general expression ofmth powers (m ∈ N)
for symmetric (0, 1)-heptadiagonal matrix with n = 3k (k = 1, 2, 3, ..., n/3) orders.
It is known that mth (m ∈ N) power of a matrix H is
(1.2) Hm = PJmP−1
here P is transforming matrix of H and J is jordan form of H.
Let we consider the following determinants
(1.3) Hn(α) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
α 0 0 1 · · · 0 0
0 α 0 0 1 0
0 0 α 0 0
. . .
...
1 0 0 α
. . .
. . . 1
... 1 0 0
. . . 0
0
. . .
. . .
. . . · · · 0
0 0 · · · 1 0 · · · α
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
and
(1.4) ∆n(α) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
α 1 0 0 · · · 0 0
1 α 1 0 · · · 0
0 1 α 1 0
. . .
...
0 1 α
. . .
. . . 0
... 0 0
. . .
. . . 0
0
. . .
. . . · · · 1
0 0 · · · 0 1 α
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Using the determinant (1.3), we find
(1.5) |λI −H| = Hn(α)
where α = λ ∈ R. Then, from (1.3) and (1.4), we write
(1.6) Hn(α) =
(
∆n
3
(α)
)3
.
By using definition of the ∆n(α) as in [2,3,4], the recurrence relation is obtained as
following
(1.7) ∆n(α) = α∆n−1(α)−∆n−2(α)
where ∆0(α) = 1,∆1(α) = α,∆2(α) = α
2 − 1.
By solving difference equation (1.7) and substituting the equation into (1.6), we get
(1.8) ∆n
3
(α) = Un
3
(
α
2
)
(1.9) Hn(α) =
(
Un
3
(
α
2
)
)3
where Un(x) is the nth degree Chebyshev polynomial of second kind which is defined;
(1.10) Un(x) =
sin((n+ 1) arccosx)
sin(arccosx)
,−1 ≤ x ≤ 1 .
It’s well known that all the roots of Un(x) are defined as follows shown in [1], [6]
(1.11) xnk = cos(
kpi
n+ 1
),−1 ≤ xnk ≤ 1 .
By considering (1.5), (1.7)-(1.11), we find eigenvalues of the matrix H
(1.12) λk = 2 cos(
3kpi
n + 3
), k = 1,
n
3
.
2. Integer powers of H
In this part of the paper, we find the matrix P and P−1 for the expression H = PJP−1.
Secondly, we present a general expression ofHm form ∈ N . Let we obtain the eigenvectors
of matrix H via linear homogeneous system
(2.1) (λjI −H)x = 0
where λj are eigenvalues of H . We explicitly write down the expression (2.1) as
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λjx1 − x4 = 0
λjx2 − x5 = 0
λjx3 − x6 = 0
...(2.2)
−xn−5 + λjxn−2 = 0
−xn−4 + λjxn−1 = 0
−xn−3 + λjxn = 0
By solving system of equations (2.2), we get the eigenvectors of matrix H ;
for j = 1, 4, 7, 10, ..., n− 5, n− 2 and k = 1, 2, ..., n
3
(2.3) xjk = Uk−1
(
λ j+2
3
2
)
for j = 2, 5, 8, 11, ..., n− 4, n− 1 and k = 1, 2, ..., n
3
(2.4) xjk = Uk−1
(
λ j+1
3
2
)
for j = 3, 6, 9, 12, ..., n− 3, n and k = 1, 2, ..., n
3
(2.5) xjk = Uk−1
(
λ j
3
2
)
Now, we get the expression (1.2). Since, eigenvalues λk
(
k = 1, 2, ..., n
3
)
are multiple,
then each eigenvalue corresponds triple jordan cell Jj (λk) in the matrix J . Thus, we
obtain the jordan form of H as
J = diag
(
λ1, λ1, λ1, λ2, λ2, λ2, ..., λn−3
3
, λn−3
3
, λn−3
3
, λn
3
, λn
3
, λn
3
)
Denoting j-th column of P by Pj(j =
(
1, n
)
), P = (P1, P2, P3, ..., Pn). Combining
(2.3),(2.4) and (2.5), we achieve each column of P as following;
(2.6) Pj =


U0(
λ j+2
3
2
)
0
0
U1(
λ j+2
3
2
)
0
0
...
Un−3
3
(
λ j+2
3
2
)
0
0


, j = 1, 7, ..., n−5, Pj =


0
U0(
λ j+1
3
2
)
0
0
U1(
λ j+1
3
2
)
0
...
0
Un−3
3
(
λ j+1
3
2
)
0


, j = 2, 8, ..., n−4
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(2.7) Pj =


0
0
U0(
λ j
3
2
)
0
0
U1(
λ j
3
2
)
...
0
0
Un−3
3
(
λ j
3
2
)


, j = 3, 9, ..., n−3, Pj =


Un−3
3
(
λ j+2
3
2
)
0
0
Un−6
3
(
λ j+2
3
2
)
0
0
...
U0(
λ j+2
3
2
)
0
0


, j = 4, 10, ..., n−2
Pj =


0
Un−3
3
(
λ j+1
3
2
)
0
0
Un−6
3
(
λ j+1
3
2
)
0
...
0
U0(
λ j+1
3
2
)
0


, j = 5, 11, ..., n− 1, Pj =


0
0
Un−3
3
(
λ j
3
2
)
0
0
Un−6
3
(
λ j
3
2
)
...
0
0
U0(
λ j
3
2
)


, j = 6, 12, ...n
where Uk(λk) denote the second kind Chebyshev polynomials. Hence, the transforming
matrix is found as below; for n = 3k, (k = 1, 3, 5, ..., n/3);
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P =


U0(
λ1
2
) 0 0 Un−3
3
(λ2
2
) 0 0 · · ·
0 U0(
λ1
2
) 0 0 Un−3
3
(λ2
2
) 0 · · ·
0 0 U0(
λ1
2
) 0 0 Un−3
3
(λ2
2
) · · ·
U1(
λ1
2
) 0 0 Un−6
3
(λ2
2
) 0 0
. . .
0 U1(
λ1
2
) 0 0 Un−6
3
(λ2
2
) 0 · · ·
0 0 U1(
λ1
2
) 0 0 Un−6
3
(λ2
2
) · · ·
...
...
...
...
...
...
. . .
Un−3
3
(λ1
2
) 0 0 U0(
λ2
2
) 0 0 · · ·
0 Un−3
3
(λ1
2
) 0 0 U0(
λ2
2
) 0 · · ·
0 0 Un−3
3
(λ1
2
) 0 0 U0(
λ2
2
) · · ·
· · · U0(
λn
3
2
) 0 0
· · · 0 U0(
λn
3
2
) 0
· · · 0 0 U0(
λn
3
2
)
. . . U1(
λn
3
2
) 0 0
· · · 0 U1(
λn
3
2
) 0
· · · 0 0 U1(
λn
3
2
)
. . .
...
...
...
· · · Un−3
3
(
λn
3
2
) 0 0
· · · 0 Un−3
3
(
λn
3
2
) 0
· · · 0 0 Un−3
3
(
λn
3
2
)


(2.8)
for n = 3k, (k = 2, 4, 6, ..., n/3);
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P =


U0(
λ1
2
) 0 0 Un−3
3
(λ2
2
) 0 0 · · ·
0 U0(
λ1
2
) 0 0 Un−3
3
(λ2
2
) 0 · · ·
0 0 U0(
λ1
2
) 0 0 Un−3
3
(λ2
2
) · · ·
U1(
λ1
2
) 0 0 Un−6
3
(λ2
2
) 0 0
. . .
0 U1(
λ1
2
) 0 0 Un−6
3
(λ2
2
) 0 · · ·
0 0 U1(
λ1
2
) 0 0 Un−6
3
(λ2
2
) · · ·
...
...
...
...
...
...
. . .
Un−3
3
(λ1
2
) 0 0 U0(
λ2
2
) 0 0 · · ·
0 Un−3
3
(λ1
2
) 0 0 U0(
λ2
2
) 0 · · ·
0 0 Un−3
3
(λ1
2
) 0 0 U0(
λ2
2
) · · ·
· · · Un−3
3
(
λn
3
2
) 0 0
· · · 0 Un−3
3
(
λn
3
2
) 0
· · · 0 0 Un−3
3
(
λn
3
2
)
. . . Un−6
3
(
λn
3
2
) 0 0
· · · 0 Un−6
3
(
λn
3
2
) 0
· · · 0 0 Un−6
3
(
λn
3
2
)
. . .
...
...
...
· · · U0(
λn
3
2
) 0 0
· · · 0 U0(
λn
3
2
) 0
· · · 0 0 U0(
λn
3
2
)


.(2.9)
Denoting j-th column of P−1 by ρj(j =
(
1, n
)
). We obtain the P−1 = (ρ1, ρ2, ρ3, ..., ρn−2, ρn−1, ρn)
matrix such that;
(2.10)
ρj =


h1U j−1
3
(λ1
2
)
0
0
h2U j−1
3
(λ2
2
)
0
0
...
hn
3
U j−1
3
(
λn
3
2
)
0
0


, j = 1, 4, 7, ..., n−2 , ρj =


0
h1U j−2
3
(λ1
2
)
0
0
h2U j−2
3
(λ2
2
)
0
...
0
hn
3
U j−2
3
(
λn
3
2
)
0


, j = 2, 5, 8, ..., n−1
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(2.11) ρj =


0
0
h1U j−3
3
(λ1
2
)
0
0
h2U j−3
3
(λ2
2
)
...
0
0
hn
3
U j−3
3
(
λn
3
2
)


, j = 3, 6, 9, ..., n− 3, n
From (2.10) and (2.11), the inverse of matrix P can be written as below;
P−1 =


h1U0(
λ1
2
) 0 0 h1U1(
λ1
2
) 0 0 · · ·
0 h1U0(
λ1
2
) 0 0 h1U1(
λ1
2
) 0 · · ·
0 0 h1U0(
λ1
2
) 0 0 h1U1(
λ1
2
) · · ·
h2U0(
λ2
2
) 0 0 h2U1(
λ2
2
) 0 0 · · ·
0 h2U0(
λ2
2
) 0 0 h2U1(
λ2
2
) 0 · · ·
0 0 h2U0(
λ2
2
) 0 0 h2U1(
λ2
2
) · · ·
...
...
...
...
...
...
. . .
hn
3
U0(
λn
3
2
) 0 0 hn
3
U1(
λn
3
2
) 0 0 · · ·
0 hn
3
U0(
λn
3
2
) 0 0 hn
3
U1(
λn
3
2
) 0 · · ·
0 0 hn
3
U0(
λn
3
2
) 0 0 hn
3
U1(
λn
3
2
) · · ·
· · · h1Un−3
3
(λ1
2
) 0 0
· · · 0 h1Un−3
3
(λ1
2
) 0
· · · 0 0 h1Un−3
3
(λ1
2
)
· · · h2Un−3
3
(λ2
2
) 0 0
· · · 0 h1Un−3
3
(λ2
2
) 0
· · · 0 0 h1Un−3
3
(λ2
2
)
. . .
...
...
...
· · · hn
3
Un−3
3
(
λn
3
2
) 0 0
· · · 0 hn
3
Un−3
3
(
λn
3
2
) 0
· · · 0 0 hn
3
Un−3
3
(
λn
3
2
)


.(2.12)
Here, we obtain the hk related to eigenvalues of H as the similar meaning in [2-4].
(2.13) hk =
3 (−1)k
(
λ2k − 4
)
2n+ 6
, n = 3k (k = 2, 4, 6, ..., n/3)
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(2.14) hk =


3(−1)k+1λ2n+6k+3
6
2n+6
, if 1 ≤ k ≤ n−3
6
6(−1)k+1
n+3
, if k = n+3
6
3(−1)k+1λ2n−2k+3
2
2n+6
, if n+9
6
≤ k ≤ n
3
, n = 3k (k = 3, 5, 7, ..., n/3)
By using (2.8), (2.9),(2.12) and (1.2) we obtain general expression as follow;
for n = 3k, k = 1, 3, 5, ..., n/3, k ∈ N;
{Hm}i,j =
n−3
6∑
k=1
(
λm2k−1h2k−1U i−δij
3
(
λ2k−1
2
)U j−δij
3
(
λ2k−1
2
) + λm2kh2kUn−σij
3
(
λ2k
2
)U j−δij
3
(
λ2k
2
)
)
+λmn
3
hn
3
U i−δij
3
(
λn
3
2
)U j−δij
3
(
λn
3
2
)(2.15)
where hk is defined as in (2.14),
for n = 3k, k = 2, 4, 6, ..., n/3, k ∈ N;
(2.16)
{Hm}i,j =
n
6∑
k=1
(
λm2k−1h2k−1U i−δij
3
(
λ2k−1
2
)U j−δij
3
(
λ2k−1
2
) + λm2kh2kUn−σij
3
(
λ2k
2
)U j−δij
3
(
λ2k
2
)
)
where hk is defined as in (2.13). δij and σij are expressed as follows each formula;
δij =


1 , i+ j ≡ 2mod(3)
2 , i+ j ≡ 1mod(3)
3 , i+ j ≡ 0mod(3)
and
σij =


i+ 2 , i+ j ≡ 2mod(3)
i+ 1 , i+ j ≡ 1mod(3)
i , i+ j ≡ 0mod(3)
.
3. Numerical Considerations
Let’s give two numerical examples for the matrix (1.1).
For n = 6, J = diag(λ1, λ1, λ1, λ2, λ2, λ2) and from the general formula (2.16), we obtain
the each elements of {Hm}ij as
h11 = h22 = h33 =
1
6
(λm1 (−1)
1(λ21 − 4) + λ
m+1
2 (−1)
2(λ22 − 4))
h14 = h25 = h36 =
1
6
(λm+11 (−1)
1(λ21 − 4) + λ
m+2
2 (−1)
2(λ22 − 4))
h44 = h55 = h66 =
1
6
(λm+21 (−1)
1(λ21 − 4) + λ
m+1
2 (−1)
2(λ22 − 4))
h41 = h52 = h63 =
1
6
(λm+11 (−1)
1(λ21 − 4) + λ
m
2 (−1)
2(λ22 − 4)).
where λk is as (1.12) and also other components are zero.
For n = 9, let J = diag(λ1, λ1, λ1, λ2, λ2, λ2, λ3, λ3, λ3) and from the general formula
(2.15), we obtain the each elements of {Hm}ij as
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a11 = a22 = a33 =
1
8
[(λm1 + λ
m
3 )(−1)
2λ23 + 4λ
m
2 (−1)
2(λ22 − 1)]
a14 = a25 = a36 =
1
8
[(λm+11 + λ
m+1
3 )(−1)
2λ23 + 4λ
m
2 (−1)
2(λ32 − λ2)]
a17 = a28 = a39 =
1
8
[(λm1 (λ
2
1 − 1) + λ
m
3 (λ
2
3 − 1))(−1)
2λ23 + 4λ
m
2 (−1)
2(λ22 − 1)
2]
a41 = a52 = a63 =
1
8
[(λm+11 + λ
m+1
3 )(−1)
2λ23 + 4λ
m+1
2 (−1)
2]
a44 = a55 = a66 =
1
8
[(λm+21 + λ
m+2
3 )(−1)
2λ23 + 4λ
m+2
2 (−1)
2]
a47 = a58 = a69 =
1
8
[(λm1 (λ
3
1 − λ1) + λ
m
3 (λ
3
3 − λ3))(−1)
2λ23 + 4λ
m
2 (λ
3
2 − λ2)]
a71 = a82 = a93 =
1
8
[(λm1 (λ
2
1 − 1) + λ
m
3 (λ
2
3 − 1))(−1)
2λ23 + 4λ
m
2 (−1)
2]
a74 = a85 = a96 =
1
8
[(λm1 (λ
3
1 − λ1) + λ
m
3 (λ
3
3 − λ3))(−1)
2λ23 + 4λ
m+1
2 (−1)
2]
a77 = a88 = a99 =
1
8
[(λm1 (λ
2
1 − 1)
2 + λm3 (λ
2
3 − 1)
2)(−1)2λ23 + 4λ
m
2 (−1)
2(λ22 − 1)].
where λk is as (1.12) and also other components are zero.
4. Conclusion
We investigate a symmetric Heptadiagonal Matrix in terms of positive integer powers
and relationship with second kind Chebyshev Polynomials. In this context, we obtain
the eigenvalue formula of (1.1) associate with second kind Chebyshev Polynomial roots.
Additionally, we obtain the general formula of positive integer powers for (1.1). In the
last section of paper, some illustrative examples are given.
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